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Further Developments in Consistent Unsteady
Supersonic Aerodynamic Coefficients

Kariapra* anp G. C. C. SmITHf
Bell Aerospace Company, Division of Textron, Buffalo, N.Y.

A finite element method to evaluate unsteady supersonic aerodynamic coefficients consistent with structural
stiffness and inertia properties of a lifting surface is described. The grid and element system on the wing

surface can be the same as in the structural analysis.

Partial elements at wing and diaphragm edges are

avoided, and downwash continuity is maintained, thereby yielding improved pressure distributions. Use of quad-
ratic interpolation of velocity potentials and displacements improves accuracy, or leads to the necessity for
fewer elements. Numerical results are obtained for several wing planforms at various Mach Numbers and

reduced frequencies, and are compared with other methods.

Nomenclature

]

= Boolean matrix describing topological
connections of the elements in the
structure
= aerodynamic influence coefficient matrices
= a reference length
= Mach number
= column vector of nodal forces
= column vector of displacements
= oblique coordinates
= dimensional time
= forward speed
= downwash
= position vector of receiving point
= position vector of influencing point
= normal displacement within an element
= damping factor
, 02, s = homogeneous coordinates
= complex reduced frequency
[(d/U) + i(wl/U)] = complex eigenvalue
= kinematic mode vector
= density of air
= column vector of velocity potential
= velocity potential influence coefficient
= transformation matrix
= circular frequency
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Subscripts

i,j = receiving and influencing elements,
respectively

x, & = derivative with respect to x and &,
respectively

Introduction

HE avoidance of aeroelastic instabilities and the reduction

of aeroelastic effects to acceptable or desirable levels are
major considerations in the design of flight vehicles. The
aeroelastic phenomenon is an interaction of elastic, inertial
and aerodynamic forces. Determination of these forces and
methods of solution of the resulting equations are subjects of
continuing development.
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Computation of structural stiffness, inertia and modal
properties has reached a high degree of versatility and accuracy
with the aid of finite element techniques and high-speed
digital computers. Evaluation of unsteady aerodynamic
forces, with more involved fluid mechanics and boundary
conditions, has remained largely isolated from structural
aspects of the complete aeroelastic problem. On larger and
faster vehicles, the aerodynamic terms in the unsteady equa-
tions become dominant. It is therefore necessary to maintain
efforts to improve their estimation. Recent suggestions for
active suppression of flutter type instabilities (modal control)
and of gust response characteristics emphasize this need.

Traditional Methods

Mathematical approaches for the pressure distribution on
oscillating wings in supersonic flow may be broadly classified
as: 1) The method of acceleration potential relating down-
wash and pressure distribution (e.g. Ref. 5). 2) The method of
source pulse distributions, relating downwash and source
strength in velocity potential distribution (e.g. Refs. 1-4).
Owing to difficulties in choosing pressure distribution func-
tions the former method has not been popular. However,
in Ref. 5; Cunningham has proposed the selection of
more accurate series for lift distribution in the supersonic
kernel function method. The method of source pulse dis-
tribution was first proposed by Garrick and Rubinow (Refs.
1 and 2). Closed form solutions have been established for
simple planforms such as rectangular, tapered and delta
wings. These exact solutions serve as standards for approxi-
mate methods developed for use on configurations more
complex in planform and downwash distribution.

Numerical Methods

For more complex configurations such as swept and tapered
wings, intersecting and control surfaces, numerical methods to
compute aerodynamic coefficients have necessarily been
developed. Most methods divide the ‘integrating area’ into a
number of discrete ‘panels’ (e.g., square, Mach and character-
istic boxes). Many of these methods assume constant source/
downwash distribution over the panel or box. Leading and
trailing edges, and Mach lines are then substituted by
discontinuous or ‘jagged’ lines following box edges. Zar-
tarian and Hsu have, in Ref. 6, discussed in detail the merits
and demerits of individual box schemes and appropriate
rules.

Currently, various developments of these methods are being
made to improve the unsatisfactory pressure distributions
caused by the jagged edge representation of the problem
boundaries and the assumptions of piecewise constant down-
wash (Ref. 7 and 8).
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Finite Element Method

Reference 10, using the source pulse concept of Refs. 1, 2,
and a finite element model akin to current structural
philosophy, proposed the derivation of kinematically
consistent unsteady acrodynamic coefficients. This method
has the following advantages: 1) On the lifting surface the grid
system remains unchanged as Mach number varies, and can be
the same as that used for structural analysis. 2) Dia-
phragm elements may be chosen independently of wing
elements so as to minimize the computational effort or to
obtain maximum efficiency in overall problems (unlike most
box schemes in which the diaphragm elements are fixed by
the number of boxes in the wing chord). 3) There are no
partial elements either on the boundary of the lifting surface
or on the front Mach lines (accepting piece-wise straight-line
approximation to the wing planform). 4) Continuous down-
wash distribution is incorporated by representing the deform-
ation of the elements by kinematic modes as used in structural
analysis. 5) The virtual work principle results in the deriv-
ation of nodal forces consistent with the structural elastic and
inertia forces, and facilities the direct formulation of nodal
equations of motion if these are required; (for optimization
for flutter conditions, for example).

In the examples of Ref. 10, linear variations of displacement
and velocity potential within the triangular element were used
to illustrate the improvement obtained in pressure distribu-
tions. For a given number of elements, accuracy may
further be improved by quadratic interpolation of displace-
ments and velocity potential. Lift and moment distribution on
triangular wings and generalized aerodynamic coefficients for
an AGARD planform have been calculated using quadratic
interpolation functions. In this paper some comparisons are
made between this approach and existing results using exact
and box scheme methods.

Generalized Forces Using Consistent Matrices of

Triangular Elements

Formulation of Element Influence Coefficients and
Generalized Force Assembly

General finite element aerodynamic matrix derivation, and
assembly and formulation of dynamical matrices are discussed
in detail in Ref. 10. For the sake of completeness, application
to triangular elements is briefly outlined. Triangular elements
are commonly used in wing structural analysis since they fit
well into general planforms. A simple example is given in
Fig. 1. The elements can be in any orientation and of varying
sizes. Deformation of the element can be expressed as a
linear combination of rigid body motions and straining modes,
such as stretching and rotations.® Reference 11 was such an
application for panel flutter. For general structures, how-
ever, retention of all linear and rotational degrees of freedom
increases the size of the eigenvalue problem while resulting in
only second-order corrections to the eigenvalues. Similarly,
retaining rotational degrees of freedom only maintains
second-order consistency in the aerodynamic coefficients.
Hence, in order to minimize computational effort, (not as a
necessary condition for this method), all structural and aero-
dynamic forces will be expressed in terms of the nodal linear
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Fig. 1. Coordinate system and idealization of a typical wing.
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displacements. The internal displacement of the triangular
element in this formulation will then be expressed by quadratic
interpolation of the nodal linear displacements.

The solution? to the potential-downwash equation of an
arbitrarily oscillating surface in supersonic flow which lies in
the plane z=0is

#x0 = [ FmE ndgan M

where
_exp(—=AM?UB»)(x —£) cosh(AM/UB?) (r.5)'/*
- (r.s)'/?

in which the hyperbolic radii are
r=x—8-p0—m),

and the downwash w is given by

F

()]
s=(x—=O+pry—m O

0 U 4 =
w= (a—t -+ a_g)z(“’t) @

in which z is the deflection at the point E = (¢, 7, 0).

The integration indicated in Eq. (1) is taken over that area
in front of the fore Mach cone of the point X. In the finite
element idealization this area will be divided into a number of
triangular elements. Thus, summing over all the elements, the
velocity potential at X is given by

Mm:;%:—%zﬁﬂm&@ )

where the subscript j denotes the influencing element, the
subscript 7 the receiving element. Let q be the displacement
vector of the complete structure. Then the displacement
vector p for the jth elément is a subset of q i.e.,

p;=aq (6)

where a is a Boolean matrix, which consists of zeroes and ones®.
(The computer stores only the coordinates of ones and oper-
ates as additions or subtractions only and not as multi-
plications). Further, define £ as a quadratic interpolation
matrix function expressed in terms of homogeneous co-
ordinates® (see Fig. 2).

(1536): [C1(2C1 - 1)’ C’-(zzz - 1), Cs(Zla — ]), 4@1&2,
4{.85, 48541 @)

The relation between the rectangular and homogeneous
coordinates is given by

X X1 X2 X3 §1
{y} = [J’l Y2 ysjl [Cz} 3
1 1 1 11s

Then the typical deflection within the jth element for an
arbitrary motion is
Z; = ije’” (9)

and the downwash term

Wy = (%) R + Q,]p,e* (10)

S48t tyeg

Fig.2. Homo-
genous coordinates
for a triangle.
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where
< ol wl)
A= |—+4i—
is a complex reduced frequency.
From here it is convenient to assume all the space co-

ordinates normalized with respect to /. Also subscripts to
will denote partial derivation, i.e.

Qx:@: i Q. oy an

ox =) oy, ox

In the present analysis, the velocity potential will be evalu-
ated with respect to the nodal poirits of the receiving triangle.
Velocity potential within the triangle will then be interpolated
quadratically. Using the linearized Bernoulli’s expression, the
pressure distribution can be established within the element.
Finally, by the principle of virtual work the kinematically
consistent aerodynamic influence coefficient matrix can be
derived. Thus, the aerodynamic matrix for the element i/ due
to perturbation in the element j can be written as,'°

200212 . .
A, =2 —— [B®, - A(BE, + A®,) + A®,];  (12)
where
1 1-2q
‘I’aij = ZAJf f Ejgdgzgl (13)
[ )
1 1-4y
D, — 24, f f F@.dl,dl: (14)
0 0
1 1-¢1
A =24, f f Q,7Q.dL,dl, (15)
0 [+]
and
1 1-231
B-2af [ @reudd (16)
0 [1]

Matrices A and B are given in Tables 1 and 2.

Table 1. A4 matrix

r 1 -i -i -l 1
60 360 360 ° 90 °
-1 ] -1 -1
360 0 360 ° e 90
-1 -1 1 -l
360 360 &0 %6 0 0
-l a 2 2
° ° 30 ® @ a5
=L 2 4 2
30 ° ° a5 a5 35
L 2 2z 4
° 30- ° a5 a5 is |
Table 2. B matrix
[es v Y wzeva Y2y iz - Y
s 30 30 % B 3% 0 36
~Ye3 Y51 e frz-ve) Yy + Vi) Ya
30 15 30 i5 30 30 15 30
“Ye3 =Y3l Yi Yiz Ya - Y (4 Yz+2 Yz3)
30 30 5 30 5 30 5 5
p=] e Mz 4 Yp (2v31'+ 4 Yi2) (4 Y242 Yz3)
0 o 30 i5 15 15 5 15
. ¥ .
23 Y3 ¥y (A2 Ya)  4Y (2 Yo+ 4 Yp3)
D) 10 R T T 5 2 5 15
T3 T Yz (2Yx3%4 ¥3) 4Y¥gv2 Yp) -4 Yy
10 30 0 5 13 15

Yig * LYy = V)i Yagr (Vp = Yahi Ya= (Y37
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Assembly of these element matrices can bé performed using
Boolean operations as in structural analysis.®

Numerical Integration of Equations (13) and (14)

The kernel F appearing in Egs. (13) and (14) is analytic over
the area of a triangle lying completely within the forward
Mach lines. Hence in these circumstance§ a numerical
integration method of Gaussian quadrature type may be used.
However, for elements partially cut by Mach lines, F has an
inverse square root singularity. This singularity can be
removed by truncating a small width along the Mach line,
and transforming this strip element into a characteristic
coordinate system. A closed form integration can then be
performed over the strip and a numerical integration over the
remaining part of the element. A more detailed description
is given in Ref. 10.

Numerical Results and Discussion

In this work a 45° delta wing, a 60° delta wing and an
AGARD swept trapezoidal wing have beenh considered.
Quadratic interpolation for the velocity potential has been
used throughout.

Figure 3 compares qualitatively the pressure distributions
predicted using Mach box and consistent approaches in a
steady flow at constant incidence over a 60° delta wing at
Mach 1.5. Avoidance of jagged leading edges and Mach
lines and introduction of piecewise continuous downwash
distribution have resulted in smooth pressure distribution
even though far fewer elements are used in the consistent
approach.

Generalized unsteady aerodynamic force coeflicients for a
45° delta wing are shown in Table 3. The modes considered
are heave, quadratic spanwise bending and pitching about the
apex at M =1.5and K =1.02, With five triangular elements
in the chordwise direction, aerodynamic terms are in very good
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M=2, A=57°
MACH BOX APPROACH

Fig. 3. Comparison of pressure distribution on a delta wing at
constant angle of attack in steady flow.

Table 3. Comparison of unsteady aerodynamic coefficients for a
delta wing.

T ORE | EXACT 30 THEORY o DL TR 830 | S EN  wrs| Wit Exac EoRY
Q“ Re Im Re m Re m AMP o ;::_s.&
ANGLE

Qy  |-0.0655-0.2944 |-00636 | -0301 |-00es |-0304 |-2.0 oar
Qiz  [-0.008 [-0.0546 [-0.0076 | -0853 |-0.009 |-0.0544 |-1.16 05*
iz [-0.3308[-0.1475 |-03317 |-0.816 |-0.338 |-0.145 [-069 o.5°
Q2 |-0.0233]-0.0674 | -0.0222 | ~0.0684 |-0.0254 |-0.0674 |-083 1o
dgz  |-0.0033-0.0237 | -0.0031 |-0.0243 |-0.0037 |-0.0208 |-0.24 166
Q23 |-0.0772|-0.0278 | -0.0777 | -0.0298 |-0.0785 |-0.025 |-1.46 |16
Gz |-00469(-0.1935 |-004s5 | -0.1948 [-0.0494|-0.20 |-0.4 033
Qs |-00066{-00435 | -0.0063 | -0.0441 |-000728-0.043 [-1.25 050°
ass |-0219 |-0.112 |-0.2197 | -0.1142 |-0.226 [-0.1s |-0me | os7*

AR=40, M=LS, k=102, A:45*

. 2. ¢ X
WING MODES "n‘:‘v:' fzs-ﬂv‘fn i fagndt
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Fig. 4. Vector plot of generalized forces in table 4.

agreement with the exact theory. Comparable accuracy has
been obtained in the Mach box scheme® with 20 elements on
the center chord and using a quadratic integrating scheme for
downwashes in the singular box elements. Table 4 and
Fig. 4 show generalized aerodynamic forces for a 60° delta
wing in heave and pitching oscillation at M == 1.5 and reduced
frequency & = 0.4. In this case the leading edges are subsonic.
The first entries in the finite element column correspond to the
linear expression of velocity potential while the second entries
are obtained from the quadratic expression of the potential.
Although at first sight, the smaller components appear to be
poor, the quadratic expression yields very much improved
results in terms of amplitude and phase. Figure 4 shows for
this wing the vector plot of the generalized coefficients.
Even in the subsonic leading edge case five triangles in the
center chord yield relatively good accuracy. A similar
comparison of results from linear and quadratic expressions

Table 4. Comparison of unsteady aerodynamic coefficients for a
delta wing A =60°, M= 1.5,k =04

EXACT 3-D FDL-TR-68-30 (5 FINITE ELEMENTS
Qjj 20 BOXES (A) B
REAL Y| REAL Y| REAL ~ IMAGINARY
ay 200299 |-0.6744 |-0.0302 |-0.6782 |-0034* |-0.592°
-0.0400 |-0.6622
Q) [-1.7113 |-0.0833 |-1.7060.|-0.0922 [-1.50* |-0063*
-1,6658 |-0.054
Qp; |-0.0076 {-0.1108 |-0.0066 |-0.1071 |-0.0078*|-0.107*
-0.0!100 |-0.113
Qpp |-0287 |-0.0853 |-0.2718 [-0.0531 |-0.272*% [-0.040°
-0.286 |-0041
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Fig. 6. Spanwise pitching moment distribution for triangular wing
in uniform pitching motion about an axis through the midchord
(A=60° M=15, k(0.2).

in the steady and supersonic leading edge cases (in the first
two examples) did not show any appreciable change.

Figure 5 shows spanwise lift distribution on a 60° delta wing
in pitching oscillation at M =1.5 and k =0.2. The real
part of the lift is in very good agreement with exact theory.
The imaginary part which is very much smaller in magnitude
does not agree so well. For the same case the spanwise
moment distributions are shown in Fig. 6. The real part of
the moment distribution is seen to be in close agreement with
the exact value. The imaginary part of the moment dis-
tribution from exact theory, as shown in Ref. 6, does not seem
to be compatible with the imaginary part of lift distribution
since it should change sign beyond 0.65 of the span. In
addition, the real part of the moment distribution from the
Mach box method (Ref. 6) is seen to be far removed from the
exact value although the corresponding lift distribution was
seen to be very good (See Fig. 5). This indicates that the
fluctuating pressure distributions from Mach box theory may
yield good results in an average manner, but that local effects
will be amplified in the weighted summing arising from mo-
ment or distortion mode integrations and cause poor results
for these.

Finally, an AGARD trapezoidal wing with and without
out-board control surfaces is treated. Table 5 shows general-
ized coefficients for heaving and pitching of the wing, and
rotation of the control surface. The real parts of the co-
efficients from four (4) finite elements and twenty-four (24)
Mach boxes® which dominate the forces, compare well. An
additional example for the same wing but without control
surface, in Table 6 and Fig. 7, is compared with Ref. 13.
Figure 7 shows the number of elements, matrix size and the
vector plot of the results from Mach box and finite element
modeling. The results from fewer elements compare very well

* WITH UNEAR EXPRESSION FOR VELOCITY POTENTIAL
WING MODES: f =1, fp= X‘C_g_

L
L+ pe—y/2b 3
4 ;_,Z No—AXIS OF PITCH
N +6r 4 2 N (Xg=0:5) )
3 ~— NACA TR 1099
+4Ff x/2b O ® WADC TR 56-97

(8 Boxes)
AV FINITE ELEMENTS
(5 Triangles)

0.4 06 08 10
(y/2b) TAN A

Fig. 5. Spanwise lift distribution for a triangular wing in uniform
pitching motion about an axis through the midchord (A = 60°,
M=15, k=0.2).

with the Mach box method.

Table 5. AGARD swept wing

with outboard control surfaces.

GENERALIZED | AFFDL-TR-68-30 4 FINITE ELEMENTS
COEFFICIENTS 4 BOXES 24 BOXES ALONG CHORD
REAL IMAGINARY |REAL IMAGINARY| REAL  IMAGINARY
a -3.0l1 ~-1.469 [-2.891 -1.456 [-2.72 -2.14
Qs -0.2843 -0.0565(-0.3034 -0.0144 | ~0.254 -0.00128
Qzz ~3.03 -1.813 (-2.835 -1.798 |-2.7 -2.74
@33 +0.0551 -0.005 |-0.035 -0.0024|~0.0208 - 0.00I58
WING MODES CONTROL SURFACE MODES
1] = 1.0 f;=1.0
f2 = x to=x
13 = 0 f3=13.63 + -0.3424Y
M= 2.0

ASPECT RATIO = 1.45

K =0.8065
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Table 6. Comparison of generalized forces for AGARD swept wing.

GENERALIZED FOL-TR -67-104 4 FINITE ELEMENTS
FORCES 17 M BOXES 5 POINTS
Qi) Re im Re im
Qi -0.1529 +3.290 -0.131 +3.26
Q2 -0.3306 +0.595 -0.346 0.645
Qay 2.501 113 2.42 1.35
Q22 0.5708 119 0.569 1.298
M=2.0, k=1.4
WING MODES :- fi*» L0 (HEAVE)
fax X-0.5CR (PITCH)

17 M BOXES - vs 4 TRIANGULAR ELEMENTS

PER CENTER CHORD PER CENTER CHORD

1M (Qij) © 17 MBOXES
+ 4 FINITE ELEMENTS
5 POINTS ON
.L.CHORD
(4 ELEMENTS)

17 BOXES ON
C.L.CHORD

i

-

<

3

~
260 BOXES & POINTS 534's,37 POINTS

FDL-TR-67-104
ORDER 260 MATRIX

Fig. 7. AGARD trapezoidal wing.

Conclusions

The present work has described the evaluation of unsteady
supersonic aerodynamic coefficients which are kinematically
consistent with structural analysis approaches. A number of
examples shown in this paper indicate much improved local,
as well as over-all results from far less effort. Accuracy
and/or economic gains will be obtained for complex deform-
ation modes, general wing shapes and subsonic trailing
edges cases by the application of quadratic interpolation
functions for both velocity potentials and displacements.
Additional advantages of the method are: 1) Operations are
more consistent with structural analysis, hence are potentially
a good approach for flutter analysis and aeroelastic optimiz-
ation, transient load estimation, etc. 2) Wing edges are
better matched and result in more regular pressure dis-
tribution. 3) Computer programing is simplified and is
unified with the structural system.
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. Although not explored so far in the present work the ability
to define grid points independently on the wing and in the
diaphragms offers the possibility of optimizing their distri-
bution. Conceptually, there is no barrier to the extension of
the basis of the present approach to more complex problems
including nonplanar and interfering surfaces.
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